TIME-DEPENDENT MECHANICS AND LAGRANGIAN SUBMANIFOLDS OF 
PRESYMPLECTIC AND POISSON MANIFOLDS 



E. GUZMAN, J.C. MARRERO 



Abstract. A description of time-dependent Mechanics in terms of Lagrangian submanifolds of 
presymplectic and Poisson manifolds is presented. Two new Tulczyjew triples are discussed. The 
first one is adapted to the restricted Hamiltonian formalism and the second one is adapted to 
the extended Hamiltonian formalism. 
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1. Introduction 

It is well-known that the phase space of velocities of a mechanical system may be identified with 
the tangent bundle TQ of the configuration space Q. Under this identification, the Lagrangian 
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function is a real C°°-function L on TQ and the Euler-Lagrange equations are 



where (q l ,q l ) are local fibred coordinates on TQ, which represent the positions and the velocities 
of the system, respectively. 

If the Lagrangian function is hypcrrcgular one may define the Hamiltonian function H : T*Q — > R 
on the phase space of momenta T*Q and the Euler-Lagrange equations arc equivalent to the 
Hamilton equations for H 



Here, (q l ,Pi) are local fibred coordinates on T*Q which represent the positions and the momenta 
of the system, respectively. 

Solutions of the previous Hamilton equations are just the integral curves of the Hamiltonian vector 
field Xh on T*Q which is characterized by the condition 



H,q being the canonical symplectic structure of T*Q (for more details see, for instance, [Tl 113]). 
Lagrangian (Hamiltonian) Mechanics may be also formulated in terms of Lagrangian submanifolds 
of symplectic manifolds (see [TBI I17j ). 

In fact, the complete lift fig of H,q to T(T*Q) defines a symplectic structure on T{T*Q) and, if 
on T*{TQ) we consider the canonical symplectic structure &tq, the canonical Tulczyjew diffco- 
morphism Aq : T(T*Q) — > T*(TQ) is a symplectic isomorphism. Moreover, Sl = -^^{dL) is a 
Lagrangian submanifold of the symplectic manifold (T(T*Q), f2g) and the local equations defining 
Sl as a submanifold of T(T*Q) are just the Euler- Lagrange equations for L. 
On the other hand, if H : T*Q — > K is a Hamiltonian function and &n Q : T(T*Q) — ► T*(T*Q) is 
the vector bundle isomorphism induced by VLq then bn Q is an anti-symplectic isomorphism (when 
on T*(T*Q) we consider the canonical symplectic structure £7t*q)- In addition, Sh = ^Oq^^O 
is a Lagrangian submanifold of T(T*Q) and the local equations defining Sh as a submanifold of 
T(T*Q) are just the Hamilton equations for H. Figure Q] illustrates the situation 



dq l dH dpi 
dt dpi ' dt 
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FIGURE 1. Tulczyjew triple for time-independent Mechanics 



If the Lagrangian function L is hypcrrcgular then the Legendre transformation legL ■ TQ 
is a global diffcomorphism and Sl = Sh- 

Wc remark that in the previous construction the following properties hold: 



T*Q 
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(1) The three spaces T*(TQ) 1 T(T*Q) and T*(T*Q) involved in the Tulczyjew triple are of 
the same type, namely, symplectic manifolds. 

(2) The two maps Aq and ba Q involved in the construction are a symplectic isomorphism and 
an anti-symplectic isomorphism, respectively. 

(3) The Lagrangian and the Hamiltonian functions are not involved in the definition of the 
triple. In this sense, the triple is canonical. 

(4) The dynamical equations (Euler-Lagrangc and Hamilton equations) are the local equations 
defining the Lagrangian submanifolds Sl and Sh of T(T*Q). 

(5) The construction may be applied to an arbitrary Lagrangian function (not necessarily 
regular). 

On the other hand, for time-dependent mechanical systems the role of TQ and T*Q is played by the 
space of 1-jcts JV of local sections of a fibration tt : AI — > R (in the Lagrangian formalism) and 
for the dual bundle V*tt to the vertical bundle Vtt to tt (in the restricted Hamiltonian formalism) 
or for the cotangent bundle T*M to M (in the extended Hamiltonian formalism). For more details 
on these topics, see [TOl [T5] . 

Note that V*tt is not a symplectic manifold, but a Poisson manifold. 

Several attempts to extend the Tulczyjew triple for time-dependent mechanical systems have been 
done. However, although acurrate and interesting, they all exhibit some defect if we compare 
with the original Tulczyjew triple for autonomous mechanical systems. In fact, in [3] the authors 
described a Tulczyjew triple for the particular case when the fibration tt : M — > R is trivial, that 
is, M = R x Q and tt is the projection on the first factor. They used the extended formalism and 
the spaces involved in the construction were too big. 

Later, in [TT], M. de Leon et al discussed a Tulczyjew triple for the same fibration pr\ : RxQ — > Q- 
In this case, the Lagrangian and Hamiltonian functions are involved in the definition of the triple. 
In this construction, they used the notion of the complete lift of a cosymplectic structure. 
On the other hand, in [8] the authors proposed a restricted Tulczyjew triple for a general fibration 
tt : M — > R. However, the Hamiltonian section is involved in the construction of the triple. 
In this paper, we solve the previous problems and deficiences. In fact, we will propose two new Tul- 
czyjew triples for time-dependent mechanical systems. The first one is adapted to the restricted 
Hamiltonian formalism and the second one is adapted to the extended Hamiltonian formalism. 
In this approach, the role of symplectic structures in the original Tulczyjew triple is played by 
presymplectic and Poisson structures. Then, symplectic (anti-symplectic) isomorphisms are re- 
placed by presymplectic and Poisson (anti-prcsymplectic and anti-Poisson) isomorphisms. In ad- 
dition, Lagrangian submanifolds of symplectic manifolds arc replaced by Lagrangian submanifolds 
of presymplectic and Poisson manifolds. 

The new Tulczyjew triples follow the same philosophy as the original one (see sections 4, 5 and 
compare with properties (1), (2), (3), (4) and (5) of the original Tulczyjew triple). 
We also remark that our second Tulczyjew's triple has some similarities with the Tulczyjew's triple 
proposed in [5] although the spaces involved in the definition of the triple in [5] are different and 
the structural applications between them are not isomorphisms. 

The paper is structured as follows. In section 2, we recall some definitions and results on presym- 
plectic and Poisson structures which we will be used in the rest of the paper. The Lagrangian 
and Hamiltonian formalisms in jet manifolds are discussed in section 3. Sections 4 and 5 contain 
the results of the paper. In fact, the restricted and extended Tulczyjew triples for time-dependent 
Lagrangian and Hamiltonian systems are presented in sections 4 and 5, respectively. The paper 
ends with our conclusions and a description of future research directions. 
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2. Presymplectic AND Poisson MANIFOLDS 
2.1. Presymplectic manifolds. 

In this subsection, we will recall some well-known facts on presymplectic manifolds. 

Definition 2.1. A presymplectic structure on a manifold M is a closed 2-form uj on M. 

If uj is a presymplectic structure on M, the couple (M, uj) is said to be a presymplectic manifold. 

Moreover, for each x € M, we will denote by Ker(u>(x)) the subspace of the tangent space T X M 
to M at x given by 

Ker(u>(x)) = {v G T x M/l v uj(x) = 0}. 

In other words, Ker(uj(x)) = Ker[\>u\T x M]i where b^ : TM — > T*M is the vector bundle morphism 
induced by uj. 
Note that 

dim[Ker(u)(x))] = dimM — rank{ui{x)), 

rank{ui{x)) being the rank of the 2-form uj{x) which is an even number. 
In the pariticular case when 

rank(uj(x)) = dimM, for all x G M 

then the dimension of M is even and the couple (M, uj) is a symplectic manifold (see, for instance, 
&)■ 

Definition 2.2. A submanifold Cof dimension r of a presymplectic manifold (M, uj) is said to be 
Lagrangian if i*ui = and 

r = rank ^ x ^ + dim(T x C n Ker(uj{x))), for all x e C. 
Here, i : C — > M is the canonical inclusion. 

We remark that if (M, uj) is a symplectic manifold, then one recovers the classical notion of a 
Lagrangian submanifold of a symplectic manifold (see, for instance, [T]). 
The notion of a presymplectic map may be introduced in a natural way. 

Definition 2.3. A smooth map ip : M — > N between two presymplectic manifolds (M, ujm) and 
(N,uin) is said to be a presymplectic map if ip*ujj^ = ojm- 

Note that if \) UM : TM — ► T*M and : TN — > T*N arc the bundle maps induced by w M and 
Wat, respectively, then tp is a presymplectic map if and only if 

for every x G M. 

Remark 2.4. A presymplectic structure w on a manifold M is a particular example of a Dirac 
structure (see [3]) in such a way that a Lagrangian submanifold of (M, uj) is also a Lagrangian 
submanifold for the Dirac structure on M which is induced by the presymplectic form u> (see [18]). 
In addition, a presymplectic map is a backward Dirac map in the sense of Bursztyn et al (see [2]). 
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2.2. Poisson manifolds. 

In this subsection, we will recall some well-known facts on Poisson manifolds (see, for instance, 
0H4]). 

Definition 2.5. A Poisson structure on a manifold M is a 2- vector A on M such that [A, A] = 0, 
where [., .] is the Schouten-Nijenhuis bracket. 

If A is a Poisson structure on M, the couple (M, A) is said to be a Poisson manifold. 

A Poisson structure induces a vector bundle morphism A" : T*M — > TM which is given by 

A B (a) = A(a, -), for aE T*M. 

Note that A' is a skew-symmetric map and, thus, the dimension of the subspace A^(T*M) is even, 
for every x E M . Moreover, if A" is a vector bundle isomorphism then the inverse morphism 
(A") -1 : TM — > T*M is just the vector bundle isomorphism induced by a symplectic structure 
on M. 

Definition 2.6. A submanifold C of a Poisson manifold (M, A) is said to be Lagrangian if 

A(a,/3)=0, for all (a,/3) e (A*) _1 (TC) 

and 

dim{T x C n A\T*M)) = dim WF* M) \ for all xEC. 

We remark that in the particular case when the map A' : T*M — > TM is a vector bundle 
isomorphism, that is, the Poisson structure is induced by a symplectic structure on M, then one 
recovers the classical notion of a Lagrangian submanifold of a symplectic manifold. 

Definition 2.7. A smooth map <p : M — > N between two Poisson manifolds (M, Am) and 
(N, Ajv) is said to be a Poisson map if 

[A 2 (T x <p)](A M (x))=A N (<p(x)), for each x e M. 

Note that ip is a Poisson map if and only if 

^At^N = T *V ° ( A t)|T«M ° (W, 

for each x G M . 

Remark 2.8. A Poisson structure A on a manifold M is a particular example of a Dirac structure 
(see [3]) in such a way that a Lagrangian submanifold of (M, A) is also a Lagrangian submanifold 
for the Dirac structure on M which is induced by the Poisson 2-vector A (see [H]). In addition, a 
Poisson map is a forward Dirac map in the sense of Bursztyn et al (see [5]). 

3. Lagrangian and Hamiltonian formalisms in jet manifolds 

In this section, we will recall some definitions and results about the Lagrangian and Hamiltonian 
formalisms of Classical Mechanics in jet manifolds (for more details, see for instance [51 151 [TU1 H3] ) . 



(i 



E. GUZMAN, J.C. MARRERO 



3.1. The Lagrangian formalism. 

Let 7r : M — > R be a fibration, where M is a manifold of dimension n+1. 

Denote by the (2n+l)-dimensional manifold of 1-jcts of local sections of it. J x -k is an affinc 
bundle modelled over the vertical bundle V~k of 7r. It can be shown that exits a canonical identifi- 
cation between J 1 tt and the subset of TM given by {v £ TM/r)(v) ~ 1}, where r\ — ir*(dt). Thus, 
J x -k is an embedded submanifold of TM. In the same way, Vir is the vector subbundle of TM given 
by {v £ TM/rj(v) = 0}. 

If (t, q 1 ) are local coordinates on M which are adapted to the fibration w, then we can consider the 
corresponding local coordinates (t,q\q l ) on J lr K and Vtt. 

We will denote by 7Ti.o : J 1 ^ — > M and 7Ti : J lr K — > R the canonical projections and by r}\ the 
1-form on J 1 it given by rji = (iri)*(dt). 

Given the fibration ir, a Lagrangian function is a function L £ C°° {J 1i k), that is, L : J X 7r — > R. 
Given two points x,y £ M we define the manifold of infinite piecewise difierentiable local sections 
which connect x and y as 

C°°(x, y) — {c : [0, 1] — > M/c is a local section of ir, c(0) = x and c(l) = y}. 

We define the functional J : C°°(x, y) — ► R by 

c ~ J(c) = f L{j l c{t))dt. 
Jo 

Here, j x c : [0, 1] — > J X 7r is the jet prolongation of the curve c. 

The Hamilton principle states that a curve c £ C°°(x,y) is a motion of the Lagrangian system 
defined by L if and only if c is a critical point on J, i.e., dJ{c){X) = for all X £ T c C°°(x,y) 
which is equivalent to the condition 

/ x d ,dL, dL 

In other words, c satisfies the Euler-Lagrange equations. 

3.2. The Hamiltonian formalism. 

Denote by V*ir the dual bundle to the vertical bundle to 7r and by /j, : T*M — > V*tt the canonical 

projection. We have that T*M is an affine bundle over V*ir of rank 1 modelled over the trivial 

vector bundle pri : V*ir x R — > V*ir (an AV-bundlc in the terminology of [5]). 

In this setting, a Hamiltonian section is a section h : V*ir — > T*M of /i : T*M — > V*ir. 

If (t,q i ,p,pi) (respectively, (t,q l ,Pi)) are local coordinates on T*M (respectively, V*ir) we have 

that 

^{t,q\p,Pi) = (t,q l ,Pi), h(t,q l ,pi) = (t,q l , -H(t, q l ,Pi),Pi). 

Denote by VLm the canonical symplectic structure of T* M . Then, we can obtain a cosymplectic 
structure (£7^,7^) on V*n, where 

n h = h*n M £ n 2 (v*ir), ^ = (tt*)*(^) £ ^(W). 

Here, 7rJ : V*ir — > R is the canonical projection. Note that 

tt h = dq l A dp, + dH A dt, ^{ = dt. 

Thus, we can construct the Reeb vector field of (0/j,7y*), which is characterized by the following 
conditions 

L Rh n h = 7 L Rh r]* = l. 
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The local expression of Rh is 

d dH d dH d 



^ 3 ' 2 ) Rh dt ' d Pl dq* dq 1 d Pl 

and, therefore, the integral curves of Rh are the solutions of the Hamilton equations: 

dq i _dH d Pi _ dH 
{6 - 6) dt ~ d Pl ' dt ~ d<? 1 

This is the restricted formalism for time-dependent Hamiltonian Mechanics. 

Next, we will present the extended formalism. 

The AV-bundlc fx : T*M — > V*ir is a principal R-bundlc. We will denote by V M G X(T*M) the 
infinitesimal generator of the action of M on T*M. Then, there exists a one-to-one correspondence 
between the space T(^) of sections of n and the set {F h G C x (T* M) /V^(F h ) = 1}. Thus, 
the Hamiltonian section h : V*n — > T*M induces a real function F h e C°°(T*M) such that 
Vn(Fh) = 1. The local expression of Fh is 

(3.4) F h (t,q i ,p,p i )=p + H(t,q i ,p i ). 

d 

Note that V u = —. 

dp 

Remark 3.1. We remark that dFh is invariant under the action of M on T*M and, thus, it defines 
a connection 1-form on the principal M-bundle fi : T*M —> V*ir. O 

Now, we can consider the Hamiltonian vector field H^' of Fh with respect to the canonical 
symplectic structure CIm- The local expression of % F M is 



(3.5) H 



n „ d dH d dH d dH d 

"M _ _|_ 

dt dt dp d P i dq 1 dq % dpi 



So, it is clear that H F M is /x-projectable over Rh- 

In addition, the integral curves of satisfy the following equations 
, . dq 1 dH d Pi dH 

(3 - 6) -dt=dp-' -dF = ~W iG{1 ''--' m} 

and, moreover, 

(6 - n dt ~ dt 

(|3.6[) are the Hamilton equations and using p.7[) we deduce that in time-dependent Mechanics the 
Hamiltonian energy is not, in general, a constant of the motion (for more details, see the following 
subsection 3.3). 

3.3. The equivalence between the Lagrangian and Hamiltonian formalisms. 

We are going to introduce the Legendre transformations for the restricted and extendend for- 
malisms. 

The extended Legendre transformation Legi, : J l it — 5- T*M is given by (LegL){v)(X) = L(v)n(X)+ 

Tt\t=o L ( v + f ( X ~ r l( X ) v ))> for v £ JV and X G T X M, with x = 7Ti,o(u). 

The restricted Legendre transformation legi, : J 1 ^ — > V*ir is defined by legi, =/io LegL- 
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The local expression of these transformations is 

(3.8) Leg L (t,j,tf) = {t,q i ,L-tf^ [ ,^ i ), leg L (t,j,tf) = (*,«*, 

The Lagrangian function L is said to be regular if and only if for each canonical coordinate system 
{t,q l ^q l ) in J lr K, the Hessian matrix Wij = ( g^ig q j ) is non-singular. 
From (|3.8p . we deduce that the following statements are equivalent: 

• L is regular. 

• legL '■ J 1 ^ — > V*ir is a local diffeomorphism. 

• LegL '■ J n — > T*M is an immersion. 

The Lagrangian function L is said to be hyperregular if the restricted Legcndre transformation is 
a global diffeomorphism. Then, we obtain a Hamiltonian section h = LegL ° leg^ 1 . Moreover, if 
we consider the vector field Rj, on J 1 it given by 

Rl(v) = {T^^leg^iRhilegLiv))), for b6JV, 

then i?^ is a second order differential equation on J lr K and the trajectories of Rj, are just the 
solutions of the Euler-Lagrange equations for L. Rl is called the Euler- Lagrange vector field for L 
and its local expression is 

1 J L ~ dt +q 8qi W q dq*dq k dtdtf'dtf' 

where (W^) is the inverse matrix of (Wij) = (g^^j)- 

Using the above facts, we deduce that if a : R — !> M is a solution of the Euler-Lagrange equations 
for L then legL ° j X cr ■ K — > U*7r is a solution of the Hamilton equations for h and, conversely, 
if t : M — > V*tt is a solution of the Hamilton equations for h then legj^ 1 or : I — > J 1 ^ is a 
prolongation of a solution a of the Euler-Lagrange equations for L. 

4. Restricted Tulczyjew's triple 
4.1. The Lagrangian formalism. 

Let N be a smooth manifold. We will denote by A N : T(T*N) — > T*(TN) the canonical Tulczyjew 
diffeomorphism associated with the manifold N which is given locally by (see |17j ) 

A N (q\pi;q\pi) = (q\ q % ;Pi,Pi). 

Here (q l ) are local coordinates on N and {q l ,Pi) (respectively, (q l , Pi] q l , pi)) are the corresponding 
local coordinates on T*N (respectively, T(T*N). 

Now, suppose that 7r : M — > M is a fibration. Then, we may define a smooth map 

tp : T^JV) — ► T(V*tt) 
as follows. Let a v be a 1-form at the point v £ J 1 ^ C TM . Then, 

i/>(a v ) = T{i(A~j(a v )), 

with a v £ T*(TM) such that a^^rji^ — a v and fi : T*M — > V*ir being the canonical projection. 
ip is well-defined. In fact, the local expression of ip is 

(4.1) ip(t,q\q l ;p t ,p q i,p qt ) = (t,q\p qi ;l,q l ,p q i). 

In particular, ip take values in the submanifold J 1 ^ of T(V*ir). Thus, we may consider the map 

i/> : T^JV) — ► J 1 ^*. 



MECHANICS AND LAGRANGIAN SUBMANIFOLDS OF PRESYMPLECTIC AND POISSON MANIFOLDS 9 



It is clear that tp is not a diffconiorphism (see (|4.1[) ). In order to obtain a diffeomorphism, 
we consider the vector subbundle (rji) over J l it of T*(J 1 7r) with rank 1 which is generated by 
the 1-form r\\ and the quotient vector bundle T* (J 1 ir) / ' (771 ) over J 1 ^. Local coordinates on 
T* (J 1 it) / (r]i) are (t, q l , cf'jPq^Pqi)- In addition, it is easy to prove that there exits a diffeomorphism 
ip : T* (J 1 ^)/ — > J 1 ^ such that the following diagram is commutative 




where ^-(J 1 -^) is the canonical projection. In fact, the local expression of tp is 

^{t,q\q l ;p q ^Pq-) = (t,q\Pq-;q z ,Pqi)- 

We will denote by : J 1 ^* — > T*( J 1 7r)/(7yi) the inverse of ip. A^ will be called the canonical 
Tulczyjew diffeomorphsim associated with the fihration n. The local expression of A^ is 

(4.2) A v (t,q\pi;q l ,pi) = (t,q\q l ]p % ,p % ). 

Let fij^ be the canonical symplectic structure of T*( J 1 ^) and Aji^ be the corresponding Poisson 
structure. 

In local coordinates (t, q % , q l ; p t , p q i , p q i) on T*(J 1 7r), we have that 

ji„. = dt A dp t + dq l A dp qt + dq l A dp q i , 

d d d d d d 
A,i T = — A h — — r A h — — - A 



dt dp t dq 1 dpqi dq l dp^i 

On the other hand, the vertical bundle of the canonical projection ttt*^ 1 ^) ■ T*(J 1 7r) 
T* {J 1 -k) I is generated by the vertical lift 77^ of the 1-form ?/i on J x -k. Note that 

„ d 



Thus, it is clear that 



??1 = W t 



Ajy Aj% = 



and, therefore, Aji^ is 7TT*(ji w )-projectable over a Poisson structure Aji^ on T*( J lr K) / (ni) . In 
fact, 

/ . „n ~ d d d d 

( 4 - 3 ) A./ 1 - = in" A g h -r— A 



The corank of the Poisson structure Aji^ is 1. 

Now, consider the canonical Poisson structure Kyn on V*ir. Ay» T is characterized by the following 
conditions 

A v * w (dX,dY) = -\X?P), A.vkW°<,o),<&) = Y (f)°<o, A v . 7r (d(/o7r* ),%o 7 r* )) = 
for X, Y 7r- vertical vector fields on M and f, g G C°°(M), where n\ : V*n — > M is the canonical 
projection. Here, Z is the linear function on V*t: which is induced by a 7r-vertical vector field Z 
on M, that is, 

Z{a) = a{Z{-Kl (a))), Va e V*tx. 
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If (t,q l ,pi) are local coordinates on V*ir then 

d d 
Oq 1 dpi 

Next, let Ay t7r be the complete lift of Ay*^ to T(V*ir). A.y, n is a Poisson structure on T(V*ir). 
Note that the local expression of Ay t7T is 

A c ^ A ^ ^ A ^ 

v * n dq 1 dpi dq 1 dp{ 

On the other hand, J x -k\ is a embedded submanifold of T(V*tt). In fact, if (t,q x ,pi;t,q l ,pi) are 
local coordinates on T(V*tt) then the local equation definning J 1 ^ as a submanifold of T(V*w) 
is i = 1. 

Thus, the restriction Aji^* to J X 7r* of Ay,^ is tangent to J 1 ^ and, furthemore, Aji^* defines a 
Poisson structure on J 1 ^. 

If (t,q l ,pi,q l ,pi) are local coordinates on J 1 ^*, we have that 

(4 4) A ^ A ^ ^ A ^ 

J 7fl 9(7 l <9g J 9pi ' 

Therefore, Aji T » is a Poisson structure of corank 1. 
In addition, from (|4"l?j) . (|43)l and ([4"T4")l . we deduce 

Theorem 4.1. is a Poisson isomorphism between the Poisson manifolds ( J it*, Aji^* ) and 
(T*(jV)/(r ?1 ),A Jl7r ). 

The space — r^r is a vector bundle over J n with vector bundle projection ttji^ : — ^ r ' — ;> 
J 1 ^. Moreover, we can consider the jet prolongation j 1 ^^ : J 7r£ — >■ J lr K of the bundle map 
7T* i0 : W — >■ M. We have that 

Tr.jiTr(t,q\q l ;p q *,Pq*) = (t,q\q l ). 
Therefore, it is clear that TTji n o = j 1 ^* . 

On the other hand, as we know, J 1 ^* is an affine bundle over V*ir which is modelled over the 
vertical bundle to 7r* : V*tt — > R. We will denote by (^1)1,0 : J 1 it* — > V*tt the affine bundle 
projection. It follows that (7r^)i ; o (i, q l ,Pi', q l ,Pi) = (^^Nft)- 
The following commutative diagram illustrates the above situation 

T*{J^)/{ m ) - J 1 ^ 

\ ("l*)l,0 

Now, suppose that L : J x n — > R is a Lagrangian function. Then, the differential of L induces a 
section of the vector bundle ttji^ : T*( J 1 7r)/(r/i) — !> J 1 ^ which we will denote by 

dL: J 1 7 r^T*(J 1 7r)/(?7 1 ). 

We have that 

f)T AT 

(4-5) dL{t,q\q>) = {t,q\q>-—,—). 




MECHANICS AND LAGRANGIAN SUBMANIFOLDS OF PRESYMPLECTIC AND POISSON MANIFOLDS 11 



Furthcmorc, it is easy to prove that dL{ J 1 it) is a Lagrangian submanifold of the Poisson manifold 
(T^J^/im),!^). In fact, 

d 2 L , , d 2 L , ., , d 2 L , , d 2 L 



(A« l7r )-(T(dX(jV))) = - - , ^ - - }) 

ml 

T(Zf(T^n\t (r*( T * {Jl7T) ^ /( d d 2 L 8 d 2 L d 



9 a 2 L a <9 2 l a 



7 fc dq k dq l dp„i dq k dq l dp q 



}) 



= 2n, 



which implies that 

Wa,/?) = 0, Va,/3 e (A^ J- 1 (T(Sl(J 1 7 t))), 
Vz G J 1 ^. _ 

Thus, since A„ is a Poisson isomorphism, we deduce that Sl = 1 {dL(J l ir)) is a Lagrangian 
submanifold of the Poisson manifold (J Tr*,Aji n *). 

On the other hand, we will denote by legL ■ J lr x — > V*ir the restricted Legendrc transformation 
associated with L. Then, we have the following result. 

Theorem 4.2. (1) Let a : R — > M be a local section of n. a is a solution of the Euler- 
Lagrange equations for L if and only if 

A^ 1 o dLo^a = ^(legL o jV). 

(2) The local equations which define to Sl as a Lagrangian submanifold of the Poisson manifold 
(J 1 ^*, Aji n ») are just the Euler- Lagrange equations for L. 

Proof : A local computation, using (|3.1|) . (|3.8[) and (|4.2[) proves the result. □ 
Figure [2] illustrates the above situation 

4.2. The Hamiltonian formalism. 

Let /i : T*M — > V*ir be the AV-bundle associated with the fibration tt : M — > ML /i defines a 
principal K-bundle. 

We will denote by the infinitesimal generator of the action of K on T*M and by 

b nT , M : T{T*M) — > T*{T*M) 

the vector bundle isomorphism (over the identity of T*M) induced by the canonical symplectic 
structure f2<r»M of T*M. 

If (t,q z ,p,pi;t,q\p,pi) (respectively, (t,q\p,pi;pt,p q i,Pp,p Pi ) are local coordinates on T(T*M) 
(respectively, T*(T*M)), we have that 

h n T , m (*) <f > P) P< ; <> <f , P, k) = (t , q l , p, Pi , -p, -p\,i,q 1 )- 
Now, if : T*(T*M) — ► M is the linear function on T*(T*M) induced by the vector field V M , we 
can consider the affine subbundle (1) of T*(T*M), that is, 

= {7 G T*{T*M)h(V^ T *M{l))) = 1} 



12 



E. GUZMAN, J.C. MARRERO 




Figure 2 . The Lagrangian formalism in the restricted Tulczyjew 's triple 



and the map tp : V M (1) — > T(V*n) denned by tp = T\i o 6 n 1 > . 

d , . T * M , i 

Since = ^— it follows that (t,q l 7 p,pi;p t ,p q i,p Pi ) are local coordinates on (1) and, moreover, 

t p(t,q t ,p,Pi;pt,p q i,p Pi ) = (t,q l ,Pi',i,p Pt ,-p q i)- 

Thus, tp takes values in J x it\ and we can consider the map 

ip:%~\l)^ J\*. 

The local expression of this map is 

Vfaq^PiPilPttPqhPpi) = (*»(?*) Pi5 Ppi>-P«0 • 

Therefore, it is clear that tp is not a diffeomorphism. In order to obtain a diffcomorphism, we will 
proceed as follows. 

First Step: The cotangent lift of the action of R on T*M defines an action of K on T*(T*M). In 
fact, we have that 

P' ■ (t,q* ,P,Pi;Pt,P q i,Pp,P Pi ) = (t,q' \p + P ',Pi;Pt,P q i,P P ,P Pi ) 
for p'GM and (t, q\p,Pi]Pt,P^,Pp,P Pi ) € T*(T*M). 

It is obvious that the afiine bundle (1) is invariant under this action. Consequently, the space 
of orbits of this action Vf * „ ^ is an affinc bundle over V*ir which is modelled over the vector 



bundle 



v„ (Q) 



Remark 4.3. The affine bundle Vfi R over V*n is identified with the phase bundle P/i associated 
with the AV-bundle fj, : T*M — > V*tt. The phase bundle associated with an AV-bundle was 
introduced in [5]. O 

Note that (0) is just the annihilator of the vertical bundle to [i : T*M — > V*ir and that the 



quotient vector bundle 



Ye M 



is isomorphic to T*(V*ir). So, the affine bundle P\i 



Yu (i) 



modelled over the vector bundle T*(V*ir). 
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Local coordinates on Pfj, = Vf> R — are (t,q\pi;p t ,p q i,p Pi ). 

Moreover, there exists a smooth map To : Pp, — > J Y n\ such that the following diagram 



Vy. (1) 



is commutative, where 7Tr; — 1. . : (1) — !> P/x is the canonical projection. The local expression 
of <p is 

V(t,q l ,Pi;Pt,Pqi,P Pi ) = (t,q t ,Pi',P Pi ,-Pqi)- 

Therefore, Tp is a surjective submersion. 

Second Step: Let ti\ : V^*7r — >• R be the canonical projection. Then, the differential of tt\ is a 
section of the vector bundle ttv-k ■ T*(V*tt) — > V*ir. Therefore, since P\i is an affine bundle 
modelled over T*(V*ir), we may consider the quotient affine bundle Pfi/ (dir*) over V*tt. Pfi/(dir*) 
is modelled over the quotient vector bundle T*(V*n)/(dir*) . 
Local coordinates on Pfj,/(dTr*) are (t, q l -,Pi\ ,P q i,P Pi )- 

Furthcmore, there exits a smooth map (p : Ppj (dir*) — > J 1 ^ such that the following diagram 




is commutative, where ~np^ : Pfx — > Pfx/ {dn^) is the canonical projection. The local expression 
of (p is 

<p(t,q\pi;p q i,p Pi ) = {t,q\pi;p Pi ,-p q i). 
Consequently, (p is a diffeomorphism. 

We will denote by : J l ir\ — > Ppi/ (dir*) the inverse map of <p, that is, = (p . Then, we have 
that 

(4-6) b n {t,q\pi,q\pi) = {t 7 q l , Pi , -p t7 q z ). 

Note that b n is an affine bundle isomorphism over the identity of V*tt. 
The following diagram illustrates the situation 



J 1 ^ 



Pp/idTTl) 




V*TT 

Here ttp p is the affine bundle projection. 

Pp admits a canonical symplectic form flp^ (see [5])- In fact, the local expression of fip^ is 

Qpfj, = dt A dp t + dq 1 A dp q i + dpi A dp Pi . 
Let Ap M be the Poisson structure on Pfj, associated with f2p M . Then, 



A 



py 



d d d d d d 
dt dp t dq l dp q , dpi dp p% 
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On the other hand, the vertical lift {di:\) v to P/i of the 1-form dirl on V*ir generates the vertical 
bundle to the canonical projection from P/i on P^/(dirl). Note that, 

d 

Thus, C^tyKp^ = and, therefore, Ap p is projectable to a Poisson structure Ap M on P/j,/(dirl). 
The local expression of Ap M is 

(4 7) A ^ A ^ ^ A ^ 

Pm dq i dp q , dpi dp Pi ' 

Consequently, using (|4.4p . (|4.6[) and (|4.7[) . we prove the following result 

Theorem 4.4. is anti-Poisson isomorphism between the Poisson manifolds (J 1 ^*, Aji^.) and 

(Pfi/(d7Tt),A Pfl ). 

Now, let ft, : V™7r — s> T*M be a Hamiltonian section and Fh be the corresponding real function on 

T*M such that V^Fh) = 1- Then, one may define a section of the affine bundle (1) — > T*M 
as follows 

aeT*M ^dF h (a) GV^\l). 
This section is R-equi variant. So, it induces a section dh : V*tt — > P[i of the phase bundle 
Pp. We will denote by dh : V*tt — > P/i/(d7r*) the corresponding section of the affine bundle 
P/z/ (aV^) — > V*ir. If the local expression of h is 

h(t,q\pi) = (t,q\-H(t,q,p),Pi), 

we have that 

~— ^ OH OPt 

(4-8) dh(t,q\p z ) = (t,q\p fl —,—). 

Thus, 

P/i \\ ,^r /Tr * n /(/ 9 <9 2 # 9 d 2 P 9 



^)( T *(a)((d^))) nT d Ha) ( dh (V*ir)) - ({( dqJ + dqigqj + g qjgpi g pp ) ma y 

fa)})' 



9 a 2 p s a 2 p d 



Therefore, 



■■dpj 8q l dpj dp q i dpidpj 8p pi ' \dh(a). 

A PM (a,/3) =0, Va,/3 e (A^)" 1 ^!*!^^))), 



dim I A 



i (^(Q)(<^r>))) 



*»(^ o) (^)) n (Ak)( r *(.)(^)))) - V n = 2n, 

Va G y*7r. 

~ . . . / P/t 

This implies that d/i(l A *7r) is a Lagrangian submanifold of the Poisson manifold I - , Ap M 



So, from Theorem 14.41 it follows that Sh = b~ 1 {dh(V*Ti)) is also a Lagrangian submanifold of the 
Poisson manifold ( J 1 ^ , Aji^. ). 
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On the other hand, if Rh is the Reeb vector field of the cosymplectic structure (fifc,?7*) on V*n 
(see subsection 13. 2[) then, using p.2[) . (|4.6[) and f|4.8[) . we deduce that 

S h = R h (V*n). 

Consequently, since the integral curves of Rh are the solutions of the Hamilton equations for the 
Hamiltonian section h, we obtain the following result. 

Theorem 4.5. (1) Let r : R — ► V*ir be a local section of the fibration irf : V*ir — > R. 
Then, r is a solution of the Hamilton equations for h if and only if 

b~* o dh o r = j^T. 

(2) The local equations which define to Sh as a Lagrangian submanifold of the Poisson manifold 
(J 1 ^*, Aji^*) are just the Hamilton equations for h. 

Figure [3] illustrates the situation 



Sh 




F: 



Figure 3. The Hamiltonian formalism in the restricted Tulczyjew's triple 

4.3. The equivalence between the Lagrangian and Hamiltonian formalism. 

Let L : J 1 it — > R be an hyperrcgular Lagrangian function. Then, the restricted Lcgcndrc 
transformation legi, : J 1 ir — > V*ir is a global diffcomorphism and we may consider the Eulcr- 
Lagrange vector field Rl on J 1 ^. Note that, since leg* L (nl) = 7/1 and r]i(Ri) = 1, it follows that 
T/e ffL (i? L (J 1 7r)) C J 1 ^. 

Moreover, using ([3~8)l . ([3"U)) . (|472)l and (|475)l . wc deduce 
Lemma 4.6. The following relation holds 

An o TlegL ° Rl = dh. 

Now, denote by ft, : V*7T — > T*M the Hamiltonian section associated with the hyperregular 
Lagrangian function L, that is, 

/;, = Leg L o leg^ 1 , 

LegL : J 1 n — > T* M being the extended Legendre transformation. Then, using Lemma |4.6I and 
since TlegL ° Rl — Rh ° legL, we prove the following result. 
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Theorem 4.7. The Lagrangian submanifolds Sl = A w (dL{J tt)) and Sh = Rh(V*ir) of the 
Poisson manifold (J 1 -^, Aji^.) are equal. 

The previous result may be considered as the expression of the equivalence between the Lagrangian 
formalism and the restricted Hamiltonian formalism in the Lagrangian submanifold setting. Figure 
@] illustrates the situation 



Sl — Sh 




Figure 4. The restricted Tulczyjew's triple for time- dependent Mechanics 



5. Extended Tulczyjew's triple 
5.1. The Lagrangian formalism. 

Let ttm '■ T*M — > R be the fibration from T*M on M. We consider the space J 1: km of 1-jets of 
local sections of ttm ■ T*M — > K. As we know, there exists a natural embedding from J 1 ttm hi 
T(T*M), which we will denote by j : J x tt m — > T(T*M). 

On the other hand, we can consider the 1-jet prolongation j ttm '■ J ttm — ► J 1 ^ of the bundle 

map ir M ■ T*M — > M. 

Then, we may define a smooth map 

K : J X TT M ^T*{J y iT) 

as follows: 

Let z be a point of J 1 tt m and A M ■ T(T*M) — > T*(TM) be the canonical Tulczyjew diffeomor- 
phism. Then, j4m(j(z)) G T*(TM), with v G J 1 ^. Indeed, if {t,q l ,p,Pi) are local coordinates on 
T*M, we have that (t, q % ,p,Pi\ q\p,Pi) are local coordinates on J 1 ttm and 

A mU(z)) = (t,q t ,l,q t ;p,p i ,p,p i ). 

Thus, A M {j(z)) G T*(TM), with v G J x tt. In fact, v = (j 1 7T M )(z). 
Now, we define 

A n (z) = A M {j{z))\ Tjl „ M ^(jiw) g r^„ (J )(^V). 
Therefore, it follows that 

(5.1) A^{t,q l ,p,Pi;q\p,Pi) = (t,q\q l ]p,p z ,p z ). 

Consequently, A^ is a surjective submersion. A n is called the canonical Tulczyjew fibration asso- 
ciated with it. 
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Remark 5.1. is the bundle projection of a principal R-bundle. In fact, if we consider the 
tangent lift of the principal action of R on T*M, we have an action of R on T(T*M). The local 
expression of this action is 

p' ■ {t,q\p,Pi;i,q\p,Pi) = {t,q\p + p',pi;i,q\p,pi) 
for p'6l and {t,q l ,p, Pl ;i,q l ,p, Pl ) € T(T*M). 

Thus, it is clear that the submanifold J 1 ttm of T(T*M) is invariant under the previous action and, 
from (|5.ip . it follows that the fibers of A„ are just the orbits of the action of R on J 1 ttm- O 



(5.3) (V=*I and ker{T A^) = {{{V^}) . 



Next, we will denote by VLm the canonical symplectic structure of T*M and by Q,° M the complete 
lift of Q M to T{T*M). il c M defines a symplectic structure on T(T*M) and j*($l c M ) = fiji^ is a 
presymplectic form on J ttm- 
In fact, the local expressions of these forms are 

fl c M = dt Adp + di Adp + dq 1 A dp l + dq 1 A dpi , 

and 

(5.2) Qj^m = dt Adp + dq 1 A dpi + dq' A dp l . 

Thus, Qjiji- M is a presymplectic form of corank 1 and the kernel of £lji% M is generated by the 
restriction to J x tt m of the complete lift (V^f of V,, to T(T*M). Note that, 

d_ 

dp 

On the other hand, let ilji^ be the canonical symplectic structure of T^J 1 -^) . Then, if (t, q l , q l ;pt, 
p q i,Pqi) are local coordinates on T*(J 1 7r), we have that 

(5.4) = dt A dp t + dq 1 A + d<f A dp q i . 

Therefore, using (|5.ip . (|5.2p and (|5.4[) . we deduce the following result. 

Theorem 5.2. The canonical Tulczyjew fibration associated with it is a presymplectic map between 
the presymplectic manifolds ( J 1 ^/, 51ji# M ) and (T*( J 1 ^), fiji^), t/iat is, 

— - * 

Now, let i : J 1 ^ — >■ R be a Lagrangian function. Then, it is well-known that dL^J 1 !:) is a 
Lagrangian submanifold of the symplectic manifold (T*( J 1 ^), fiji^). Consequently, using (|5.3[) 

and Theorem 15.21 we obtain that Sx = A„ (dL^ 1 ^)) also is a Lagrangian submanifold of the 
presymplectic manifold (J ttmi ^j 1 ^)- 

Moreover, if ct is a local section of tt : M — > R then, from p.8[) and (|5.1[) . we deduce that 
where £x = L — q 1 ^ and iegx : J 1 ^ — s> T*M is the extended Legendre transformation ( 

(EH)). 

We remark that for a solution a of the Eulcr-Lagrangc equations for L, we have that 

d(E L o2 X G) dL , 

= O 7 <7. 

Using the above facts, one may prove the following result. 
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Theorem 5.3. (1) A section a : R — > M is a solution of the Euler- Lagrange equations for 
L if and only if 

dLoj l a = An oj l {Leg L o jV). 

(2) The local equations which define to Sl as a Lagrangian submanifold of the presymplectic 
manifold {J 1: kmi ^j 1 h m ) are i us ^ the Euler- Lagrange equations for L. 

Figure [5] illustrates the situation 



S L 




FIGURE 5. The Lagrangian formalism in the extended Tulczyjew's triple 
5.2. The Hamiltonian formalism. 

Let 7T M ■ T*M — > R be the fibration from T*M on R. Recall that J 1; km is the space of 1-jets of 
local sections of ttm ■ T*M — > R and that j is the natural embedding from J 1 7Tm in T(T*M). 
Then, we may define a map 

Z-J^M^T*(T*M) 

as follows: 

Let z be a point of J^txm and b M ■ T(T*M) — > T*(T*M) the vector bundle isomorphism 
(over the identity of T*M) induced by the canonical symplectic structure J7m of T*M . Then, 
b„(z) = l>M{j{z)) G T*(T*M), with a € T*M. In fact, if (t,q\p,p t ) are local coordinates on 
T*M, we have that (t,q l ,p,pi;q z ,p,pi) are local coordinates on J 1; km and 

K (t , q l , p, Pi ; <f , p, p\ ) = (t , q l , p, pi ; -p, -pi , 1 , <f ) . 

From the last equation, we observe that the map 6^ takes values on the afhnc subbundle (1) 
of T*(T*M). For this reason, we can consider the map 

which in local coordinates is given by 

(5.5) b n (t,q l ,p,Pi;q l ,p,pi) = (t,q l ,p,p t ; -p, -p l7 q r ). 

Consequently, 6 W is a diffcomorphism. 
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Remark 5.4. If we consider the cotangent lift of the principal action of R on T*M, we have an 
action of R on T*(T*M). The local expression of this action is 

p' ■ ',P,Pi;Pt,P q i,P P ,P Pi ) = (t,q\p+p',Pi;Pt,P q hPp,P Pi ) 
for p' e R and {t,q i ,p, Pi ;p t ,p q i,p P ,p Pi ) £ T*(T*M). 

Thus, it is clear that the affinc subbundle V p (1) of T*(T*M) is invariant under this action. 
Moreover, if we consider the natural action of R on J 1 ^/ (see Remark 15. ip then, from (|5.5I) . it 
follows that the diffcomorphism b K is equivariant. O 

Next, we will denote by ^t*m the canonical symplectic structure on T*(T*M) and by -i 

the 2- form on V u (1) defined by 

V l (i) = V i (i) (nr,M) ' 

where . : (1) — ► T*(T*M) is the canonical inclusion. 

The local expressions of these forms are 

^t*m = dt A dpt + <ig 8 A c?p g i + dp A <ip p + dpi A , 

and 

(5.6) = dt A dpi + cZ<f A + dpj A dp Pi . 

Thus, $^--1.^ is a presymplectic form of corank 1 and the kernel of — i.j. is generated by 

the restriction to %~ (1) of the complete lift (V^)* c of V M to T*(T*M). Note that (V fl )* c is the 
Hamiltonian vector field of the linear function V p : T*(T*M) — > R and, therefore, 

(5.7) (v,r = |- 

Consequently, using (|5.2[l . (|5.5[) and (|5.6[) . we deduce the following result. 

Theorem 5.5. b T : J^ttm — ^ V p (1) is an anti-presymplectic isomorphism between the presym- 
plectic manifolds (J 1 tt m ^ j 1 a M ) and (Va (l),$-~-i ) ; that is, 

— ♦ 

Now, let h : V*ir — > T*M be a Hamiltonian section and F h : T*M — > R be the correspon- 
ding real C°°-function on T*M satisfying V u (Fh) = 1 (see section 3.2). Then, it is clear that 

dF h (T*M) C %~ X (1) C T*{T*M). 

Denote by idF h (T*M) '■ dFh(T* M) — > V p (1) the canonical inclusion. 

Since dF h (T*M) is a Lagrangian submanifold of T*(T*M) and ^y-- 1 ^ = i 1 (^t»m), we 
deduce that 

(5-8) W.M)(^-> (1) ) = 0- 

On the other hand, using (|5.7p . it is easy to prove that the restriction of (V^)* c to dFh(T* M) is 
tangent to dF h (T*M). Thus, 

(5.9) tfcr(*^-i (1) (dF fc (a))) CT dFh(a) (dF h (T*M)), Va 6 T*M. 
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Therefore, from (|5.8)1 and (|5.9p . we obtain that dFh(T* M) is a Lagrangian submanifold of the 
presymplectic manifold (V^ J (see Definition 12. 2p . 

Consequently, using Theorem 15.51 it follows that Sh = b^ (dFh(T*M)) is also a Lagrangian 
submanifold of the presymplectic manifold ( J 1 7Tm, ^j 1 ^ m )- 

Next, suppose that t : R — >• U*7r is a section of 7r* : U*7r — > R. Then, we have that 

(dFfcofcoT)(R) C vJTV) 

(see (|3.4|) V Moreover, if r is a solution of the Hamilton equations then, from (|3.3[) . we deduce that 

d(# o r) <9ff 
= o r. 

Using these facts and (|5.5[) . we may prove the following result. 

Theorem 5.6. (1) A section r : R — > V*-k is a solution of Hamilton equations for h if and 
only if 

bjr o j (h or) = dFh o ho t. 

(2) The local equations which define to Sh as a Lagrangian submanifold of J 1 km are just the 
Hamilton equations for h. 

Figure [6] illustrates the situation 



S h 




Figure 6. The Hamiltonian formalism in the extended Tulczyjew's triple 

5.3. The equivalence between the Lagrangian and Hamiltonian formalism. 

Let L : J lr K — > R be an hypcrregular Lagrangian function. Then, the restricted Legendre trans- 
formation legL : J 1 ^ — > V*ir is a global diffcomorphism and we may consider the Euler-Lagrange 
vector field Rl on J 1 it. 

Moreover, using (|3.8[) . (|3-9p and (|5.1j) . we deduce 
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Lemma 5.7. The following relation holds 

An ° TLegL ° Rl = dL, 
where Leg^ : J x n — > T*M is the extended Legendre transformation. 

Now, denote by h : V*ir — > T*M the Hamiltonian section associated with the hyperregular 
Lagrangian function L, that is, 

h = Leg L o legj}- 

Theorem 5.8. The Lagrangian submanifolds Sl = A^ (eLL(J 1 7r)) and Sh = b n (dFh(T* M)) 
of the presymplectic manifold ( J^m, ^j 1 ^) are equal. 

Proof: Let z be a point of Sl. Then, since ttji^ o A n = j 1 irni 1 it follows that 

T v {z) = dL{{j l it M ){z)). 
Thus, using Lemma |5~T1 and the fact that Rl and arc Let^-rclatcd, we deduce that 

MS) = MH^'iLegLifirAiKz))) = X(h~ X {dF h {Leg L tfit M ){z))))- 
Therefore, from Remark 15. 1[ we obtain that there exists a unique pel such that 

K(p ■ z) = dF h {Leg L {{j 1 'KM)(z)))- 

Here, • denotes the action of R on J 1 7Tm- 
Consequently, using Remarks 13.11 and 15.41 it follows that 

K(z) = dF fc ((-p) ■ Leg L {.{^M){z))) G dF h (T*M). 
So, z G (dF h (T*M)) = Sh- This implies that S2 CjT h . 

Proceeding in a similar way, one may prove that Sh Q Sl- O 
The previous result may be considered as the expression of the equivalence between the Lagrangian 
and extended Hamiltonian formalism in the Lagrangian submanifold setting. 
Figure [7] illustrates the situation 



Sl Sh 




Figure 7. The extended Tulczyjew's triple for time- dependent Mechanics 

Finally, Figure[5]describes both triples. The extended Tulczyjew triple is on the top of the diagram 
and the restricted Tulczyjew triple is on the bottom. 
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Figure 8. The restricted and extended Tulczyjew' s triples for time- dependent Mechanics 



6. Conclusions and future work 

Using the geometry of presymplectic and Poisson manifolds a new Tulczyjew triple for time- 
dependent Mechanics is discussed. More precisely, we present two Tulczyjew triples. The first 
one is adapted to the restricted Hamiltonian formalism for time-dependent mechanical systems 
and the second one is adapted to the extended Hamiltonian formalism. Our construction solves 
some problems and deficiences of previous approaches. 

It would be interesting to extend the ideas and results contained in this paper for classical field 
theories of first order. For this purpose, a suitable higher order generalization of a presymplectic 
(Poisson) structure must be used. This will be the subject of a forthcoming paper. 
Other Tulczyjew triples for classical field theories of first order have been proposed by several 
authors (see ). 
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